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Abstract 

The effective field equations on a 3-brane are established considering the massless bosonic sector 
of the type IIB string compactified on S' 5 . The covariant embedding formalism in a space endowed 
with .^-symmetry is applied. Recently the derivation of effective equations on the 3-brane, where 


i 3. 


only gravity penetrates in the bulk has been performed by Shiromizu, Maeda, and Sasaki t23|]. We 
extend this analysis to the situation when the bulk contains a set of fields given by the type IIB 
string. The notion of the Einstein-Cartan space is considered in order to avoid extra suppositions 
about the embedding of these fields. The interactions between the brane and the bulk fields are 
understood in a purely geometric way, which fixes the form of these interactions. Finally, we 
present the dynamically equivalent effective equations have expressed completely in Riemannian 
terms and make conclusions. 
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INTRODUCTION AND MOTIVATIONS 


Since the papers of Kaluza and Klein ||22j] it has been suggested a possibility that there 
exist extra dimensions beyond those of Minkowski space-time. In recent years, ideas of 


extra dimensions become much more compelling. According to 


23 


m 


29] it has been 


understood that additional dimensions could have a quite distinct nature from those of 
Kaluza and Klein. In other words, ordinary matter would confine to our 4-dimensional 
world while gravity would penetrate in the extended space (bulk). An intriguing motivation 
for considering these models conies from string /M-theory. For instance, the 10-dimensional 


type IIB theory can admit brane worlds solutions 


13 


14|. The type IIB theory have 


a rich massless spectrum. Hence this theory illustrates an enlarged complexity due to the 
supplementary fields in addition to gravity and even scalar fields (see jl4, LLa, |27j for previous 
work). This situation is more curious since it seems unlikely that only gravity can penetrate 
in extra dimensions. In this paper, considering the massless bosonic sector of the type IIB 
theory have compactified on a sphere S 5 we derive effective field equations on the 3-brane 
in a 5-dimensional bulk endowed with ^-symmetry. 

Our approach to this problem is based on the covariant embedding formalism, which gives 
a coordinate independent derivation of the dynamics on the brane. In a typical brane worlds 


setup, where only 
was performed in 


gravity penetrates in the bulk, the derivation of effective field equations 


23, 2- We extend this analysis to the situation, which assumes the bulk 


to contain a set of fields given by the type IIB theory. The problem that arises is to find 
an appropriate description of the embedding procedure in presence of additional bulk fields 
in order to avoid extra suppositions about the embedding of these fields. In this paper, we 
consider one possible candidate for such description, which is based on the notion of the 
Einstein-Cartan space. Roughly speaking this space is a generalization of the Riemannian 
space by considering the torsion tensor 16J, [33j. The status of torsion in the framework of 


4-dimensional gravity and cosmology remains open today 




However such 


spaces have recently become relevant c 
superstrings, supergravity, and e.t.c. 


ue to the relationship to many extended theories like 




Hence it has been expected that 


the embedding formalism developed for the Einstein-Cartan space can give an unified and 
transparent understanding of the dynamics on the brane. At the same time we stress that 
one can express the resulting effective equations in several dynamically equivalent forms. 
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Thus to consider the Riemannian form supplied with extra terms of non-Riemannian origin. 

The organization of the article is as follows. In the first section we start with basic facts 
about the type IIB theory and the Einstein-Cartan space. We establish the connection 
between the torsion and a combination of bulk fields. In the second section taking account of 
the covariant embedding formalism constructed in the Einstein-Cartan space (see Appendix 
\M we derive the effective field equations on the brane. Finally, in the last section we make 
conclusions and discuss the results. 


I. MODEL BUILDING 


In fact, the strings can be formulated in curved spaces in presence of massless background 
fields. In this case, conformal invariance conditions for a closed bosonic string become 
equivalent to equations of motion for the following background fields: the antisymmetric 
tensor field Bab, the dilaton held $, and the metric Gab 1 ■ These equations can be derived 
from the following action [1, Q 2 

Sb = W I rf26Xv ^ e " 2 * _ l2 HabcRABC + ; Habc = 3 d [A B BC] , (1.1) 

* 

where R is the curvature scalar computed from the metric Gab and k 2 is the gravitational 
constant. On the other hand, the massless bosonic part of the action of superstring theories 
can be expressed in the form 


*5 super string S un i versa i 5 moc ^ e / interactions 5 (1*2) 

where S universa i does not depend on which of superstring theories we consider and it has the 
form <o> taken at D — 10. The S mo d e i part depends on the superstring theory we consider 
and it contains the Rarnond fields: {Ac, Wabc} (type HA string) or {T, Abc, Wabcd} 
(type IIB string). The last term in ill .21) is the Chern-Simons like term. 

Motivated by brane worlds ideology and 4-dimensional cosmology the bulk should be the 
almost-AdS 5 space, which represents a space that is AdS 5 like on a large scale but allows for 
generic inhomogeneities on a small scale. Hence a suitable compactihcation of a specified 

1 Where the uppercase Latin indices A,B = 0,...,D—1. 

A[a i,...,a p ] = X)( — t) A ajrl ... a „ p ■ 
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superstring theory should be considered. Such situation is possible in the framework of 
the type IIB theory compactified on S 5 . Incidentally, the massless bosonic sector of the 
type IIB theory can not exactly be described by a covariant action 11[, but the covariant 
equations of motion exist [e|. This situation arises whenever the dimensions of space-time 
is D = 4n + 2. In this case, the 2n + 1 index held strength may be self-dual in locally 
Minkowski spaces. Hence the set of equations should contain the self-duality condition. 
Nevertheless these equations can be derived from the following action 


S„ = 


1 


2^io 


d w Xs/\G\ 


e - 2 * ( m R __ HabcH 


ABC 


- \ d A ydH - ^ f abc f abc 


+ Ad A <bd A <I> 
1 


480 


YabcdeY 


ABODE 


; (i-3) 


H 


ABC 


= 3 d\ A B 


[. A&BC ], 


ABC 


= 3 d iA A 


[A-n-BC] > 


Fabc — Fa nr — X I ! H 


ABC 


1 ABCi 


Y A bcde — 50[ A Wbcde\ , Y AB cde — Y AB cde — 5A[abHcde] + 5B[ A bFcde]] 

except for a term Y 2 in one of equations and for the self-duality condition Yar c tie = 
*Y A bcde ■ Taking account of these equations the compactihcation on S 5 proposed in 7( has 
widely used On the other hand, the action m has derived in the u-model frame. 

Such frame should be not confused with the coordinate frame in general relativity. The 
string theory is insensitive to local redefinitions of background fields j^|. Therefore in order 
to obtain a standard normalized Einstein action (in the 5-dimensional case) one should 
redefine the metric as follows 


4$ ~ 5 ~ 

G ab = e D ~ 2 G ab , where <f> = $ -|— <h. 

8 


(1.4) 


It can straightforwardly be checked that the action m becomes 


S R = 


1 




_ 2 . $ 


2^io 


d 10 X^f \G\ e“4 


* —cb 

R H 2 

12 


e; _ 95 ~ ~ 

d A $d A <I> - - d A $d A $ + — d A $d A <I> 


e 2$+|$ ~ e ! 

--—— F 2 — 


12 


480 


Y 2 


(1.5) 


By the frame o we have increased the number of independent fields by one. This intro¬ 
duces an additional invariance and implies that one of equations derived from this action 
has kinematically related to the remaining set of equations. Hence this equation can be 
eliminated. Notice that by the compactihcation ansatz given below this new held plays 
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the role of moduli. The equations of motion obtained from those considered in [7] by the 
redefinition (H3D can realdily be derived from the action ms taking account of the term 
Y 2 and the self-duality condition. These equations are listed in the Appendix O [see (1( J 1(1 ]. 

Further, taking into account the action (USD instead of m we apply the ansatz jT] 

= GABdX A dX B = g ab (x)dx a dx b + e^^g^Q^dO-dO-; (1.6a) 

$(X) = 0(x), *(X) = p(x), B ab (X ) = B ab (x)5%, T(X) = X {x), A ab (X) = A ab (x)5%, 

W ABCD (X) = W abcd (x)S% d CD + gW^(e)S^ CD such that 5 d la W bcde] = Vabcde , (1.6b) 

where x a are 5-dimensional coordinates, 9- parametrizes the sphere S' 5 , S^ ' B = 8%... S B , 
r jahcde is the volume form defined on S 5 , and g is the Freund-Rubin parameter. We stress 
that in order to retain the direct relationship between the different dimensional theories one 
should have the truncation to the low-dimensional subset of fields be a consistent one. In 
other words, the solutions of 5-dimensional equations of motion should give the solutions 
of original 10-dimensional theory. It has been widely believed fbl [f| that every sphere 
compactification is a consistent one. However according to g], I 15 I ] the situation seems to 
be more complicate. Fortunately, the authors of have shown the strong consistency of 
AdS b x S 5 compacthcation. Hence we suppose that the compactification based on almost- 
AdS b x S 5 can admit a consistent truncation too. The structure of the almost-AdS b space 
is understood as follows. Suppose that all the background fields except G AB and W AB cd 
can be neglected; then equations of motion can be solved. The solution describes an infinite 
H3-brane 1(J, which metric close to the horizon is given by 


d s 2 - _ 

C * 10 ~ L 2 


L 2 


-dt 2 + ^ dx l dx l J + — dr 2 + B 2 d£l\] L 


= const. 


i= 1 


This metric describes exactly the AdS b x S 5 space. I 11 general, the existence of the almost- 
AdS b background in the type IIB theory should be proven. However taking account of 
above arguments we conjecture it. 

After cumbersome calculations (similar to j|) one yields the 5-dimensional equations of 
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motion m listed in the Appendix O which can be derived from the following action 3 


S 0 = 


2 k 2 


cl 5 xy/\g\ R ~ (d a (j)d a (j) + | d a p'd a p + ^ d a (pd a p + e 2<t>+ “ p d a xd a x) 


— (e* + i p F 2 + e~^H 2 


480 


Y 2 + e~z p a 


(1.7) 


F zbc 3<9[ a .A 5 C ], H a b C 35j a -B5 C j ? F^bc F % be 

Y a bcde ^9[ a Wbcde]-) Y a i)cde &A[ a bHcde] ~\~ 5 B[ a bFzde]-) 

except for the terms Y 2 and for consequences of the self-duality condition in the form 

1 


e = V\g\e^ p Y' 

Y a bcde 


01234 


VW\ 

~VW\ V abcde y 01234 = -Q V abcde e~^ p , 

Y a bcde 7r—r Vabcde ^01234 Q Vabcde C 4 


e 4 p Yo 1234 = const, hence 


\/M 


and Y abcde Y abcde = -Y abcde Y^ = -5! ^ 


rabede 


( 1 , 8 ) 


C- * 

Notice that a = const, is the scalar curvature of S' , the 5-dimensional scalar curvature R 
has computed from g ab , and p a bcde is the volume form defined on the almost-AdS 5 space. 
Finally, k is the 5-dimensional coupling constant related to the string scale as follows 

1 volume of S' 5 
T .2 — p ’ 

n fi , 10 

such that k 2 = 8nM~ 3 , where M p is the fundamental 5-dimensional Planck mass. 

Actually one particular combination of Neveu-Schwarz and Rarnond fields can safely 


oe m 


erpreted as the bulk torsion in the framework of Einstein-Cartan ( 
20, 2|j] for related work). Indeed, recall the following definitions 



C) space (see 


16 


rv = TV) + ry, =ry + (tv + xy + xy) = iy - Q cb “ and (1.9) 

* * * 

^cQab — dcQab T ac Qdb T ^ c Qad 0, Qab = dcQab T ac gdb T ^ c Q a d O 5 
* 

where T abc is the Christoffel connection, Q abc = —Q acb is the contortion, and T abc = r a [ bc ] 
is the Cartan’s torsion tensor, a purely affine quantity. If torsion vanishes, we naturally 


3 Where the lowercase Latin indices a, b = 0,1, 2,3,4; the Greek indices p, v = 0,1, 2,3; and £4 = y. 
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recover the Riemannian space. The contortion can covariantly be split into irreducible parts 


Q abc 


(Qbg ac QcQab ) T L abc T Q [abc] ? 


( 1 . 10 ) 


(D-l) 

where Q a = Q b ab is the trace, L abc is a tensor constrained by L a ba = 0, L abc ri abcn '" lD - 3 = 0, 
and i D is the volume form. 

Now instead of the action UEZD dehned in the Riemannian bulk consider the following 
action dehned in the EC bulk 


S = 


1 

2P 


d b x\/\g\ 


R 



1 p\p ~ 

— e~*H 2 — -— Y 2 + e 
12 480 


~\p 


a 


( 1 . 11 ) 


where the scalar curvature 4 is constructed from {g a b,Qabc}- Using (11,91) and (11.101) one can 
readily compare equations of motion derived from UEZD and OB. The conclusion is that 
these sets of equations coincide whenever 


Q[abc] = 27! (0+l p)Fabc = 0afec ’ Qa = °’ Labc = °- (L12) 
In other words, the theory given by (ED in the Riemannian space is dynamically equivalent 
to the theory given by OB in the EC space. A combination of Neveu-Schwarz and Ramond 
holds is identified with the Q[ a bc] part of the bulk contortion. Throughout the paper we shall 
deal with the action OB, which underlie the idea of EC space. Notice that in the EC 
space one should distinguish two classes of extremal curves. The autoparallcl curves and 
the geodesic curves. However these two classes coincide whenever the contortion is totally 
antisymmetric Qj. Incidentally, this is exactly the case considered in this paper. 

In our brane world scenario the 4-dimensional world (q^, ^a) 5 is understood 

as a brane in the 5-dimensional EC bulk (g a b-, C) a 6 c , W aba -i) characterized by the contortion 
(frm The brane matter sector L(ipA, q^v) consists of a continuous spinning medium 

ip A minimally coupled to the induced metric q^ and the induced contortion The 

spinning medium (i.e., Maxwell and Yang-Mills fields, the Proca held, the Dirac held, and 
the Weyssenhoff-Raabe spin fluid) is a matter, which possess the intrinsic spin, that is the 


4 R\ cd = d c T\ d - d d T a bc + T a fc T f bd - r R ab = R c acb , R = g ab R ab . 

5 Further, the uppercase Latin indices denote the matter sector of the brane. 
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irreducible spin of elementary particles (see [13, UJJ, |21j, where the Lagrangian description 
in the EC spaces is given). Taking account of minimal coupling the brane Lagrangian can 
be decomposed as follows 

L(il> A , q^u) =L (Vt4, (4) \ 4>a, <hj) + L{q^ u , (4 fe) a /3 7 , ip a), (1-13) 

* 

where L = L | (4)© a/3 _> 0 an d L describes the interaction with the bulk helds ^0 a ^ 7 . 

The equations of motion that describe the compactihed type IIB theory in presence of 
brane are listed in Appendix El [see (ESI)]. Nevertheless we observe that these equations can 
be derived from the following action 


Stot.al — S + S c + Sbr + S cbr 


(1.14) 


5 = 


^ J d 5 xy/\g\ R~ \ (d a (pd a cf) + ^ d a pd a p + ^ d a ^d a p + e 2 * + i p d a yd a ^j 


e 4 


jp 


— e~^H abc H abc - 

12 480 


YnhrdpY 


abode 


+ e 2 p a 


S c = d 5 x^/\g\(- A), S cbr = / d A x\/\q\(- A), S br = / d 4 xy/\q\ L(q fll/ , ip A , 


except for the terms Y 2 and for consequences of the self-duality condition [see (IB6I) ]. Also, 
A (< 0) is the bulk cosmological constant and A (> 0) is the intrinsic brane tension. 

The appearance of the negative bulk cosmological constant in the action (imp does not 
follow directly from the type IIB theory. Recall that the structure of almost-AdS b space 
supposes the existence of the negative cosmological constant, which shows up on a large 
scale. Hence the introduction of one additional negative constant does not change the pic¬ 
ture. The Z 2 -symmetry of the helds (g ab , p, (j), y, A ab , B ab ) is also an interesting topic. In our 
case, the compactikcation procedure given in the Appendix O does not imposes some special 
symmetries on the helds (g ab , p, 0, y, A abl B ab ) but supplies every point of the bulk with a 5- 
sphere scaled by p(x) [see (II.ball ]. To make the ^-symmetry be compatible with the sphere 
compactihcation one must combine the hip in y with an orientation-reversing of spheres 
jl^ |. In other words, we must operate with an extended notion of the ^-transformation 
that means: y —> — y as well g —» —g. At the same time the bulk metric g ab can always 
be taken ^-symmetric (in the extended sense) by considering the patches of almost-AdS b 
space glued together along the brane world volume in a ^-symmetric manner. The situ¬ 
ation with (p, (j), x, A ab , B ab ) is less optimistic. Nevertheless it is believed j3] that in the 







framework of the type I IB theory exists a mode-locking mechanism that projects these 
fields into a ^-invariant subspace. Therefore throughout the paper we shall consider the 
fields ( g ab , p, y, A abl B ab ) being symmetric in the extended sense of the ^-transformation. 


II. FIELD EQUATIONS ON THE BRANE 

Further, we impose a gauge: A 4l = 0, B 4l = 0 and assume that the hypersurface y = 0 
coincides with the brane world. Suppose that the vector normal to the brane is given by 
n c dx c = dy and p a b?7 a n 6 = 1; then 

ds 2 = q^dx^dx" + dy 2 . ( 2 . 1 ) 

Consider the Gauss like equation (Hup in a space with nontrivial torsion 

= R cd e c a e d + K 4a yK - K 4ai K% - R f ced e c a e d ^n e n f , (2.2) 

where K 4aj3 = -e c a e d 0 W d n c =Ka 0 .3 +© 4«/3 and I< = Ii 4X x . 

The decomposition of curvatures into Riemannian and non-Riemannian parts is as follows 


R ab =R ab +R ab =R ab + (^V c Q c ab - O acd O b ca j , R=R+R =R -0 . 

The terms R a cbd n a e^e^n b , R c de jn c n d n e nf, and are given by equations 

ey [fi v 4] n a = e“e^n d Vj c W d] n a + ^ e“ (V M n c - V 4 e£) V c n a = ^ R f adc n f e“n d e c ^ 
= i e> c V c {e x K 4XlJ ) = - 2 {d 4 K 4 , lt + I< 4 ^K 4 X ) ; 
n a \ t V 4] n a = n a eln d \7 [c V d] n a + ]- n a (% n c - V 4 e“) V c n a = - adc n f n a n d e \', 


(2.3) 


(2.4a) 


= 0 ; 


n a ^ 4 V 4] n a = n Q n c V[ c (n d Vd] n“) = ^ R a fcd n a n f n c n d , 
= 0 . 


(2.4b) 


(2.4c) 


Following methods of 


23 


24] we evaluate effective held equations not exactly on the brane 


but at the limiting values of y. In other words, we consider two sets of effective equations 
denoted by the ± sign and have taken at y —> ±0. In this case, the delta function vanishes; 
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then using (IB Ball . (12.21) . (12.31) . and (I2.4cl) it can straightforwardly be checked that 

. ± 


( 4 fc± = 


20^0^ 


k 2 


T,w + ( Z 44 — - T c c ) q, w 


-a 


4fi4u 


+ K a(jiu) K - K^ h K^ v) - - q, u (K 2 - K 4al3 K 4al3 ) 

- | 0^©“%^ - ©pa/3©^ + £ ©4a /3 © 4Q/ V + 3©4 M7 0 7 


'4i/ 


(2.5) 


* 2/ * * \ 1 * 
where C a bcd =Rabcd ©3 y9a[d Rc]b ~^~9b[c Rd]aj 4“ g R 9a[c9d]b 


is by definition the 5-dimensional Weyl tensor |31l. 1331], The Z 2 -symmetry implies that 


K + — — K~ 
•HH “ 


ff+ — —ff- fT+ — —TT~ ■ 
±± 4fj,v ±J -4)iW> A 4fj,u A 4fivi 


d 4 p + = -dip , di(j) + = -d 4 (j) , d 4 x + = -d 4 X ■ 


(2.6a) 

(2.6b) 


Hence we can drop the ± sign and evaluate the equation m on the one side only. 

Taking into account (HU), (EU) the effective energy-momentum tensor can be expressed as 

T/jtv + (th — - T^j q, w = - ^ ,w ^ ? where (2.7) 


rpS _ 


' /i,Z/ 


- d^dvd) + — 84884 p + — d, 4 ) 8,44 + 


n20+T P 


24 


^ 158 a 8d a 8 + ^ <9 Q 0<9 a p + ^ <9 Q p<9> + 5e 2 ^ p 8 aX d a x + ^ H^H a ^ ) ; 


25 

~8~ 


d^xduX T g HfiagH u 
3e~* 


a.0 


l a/3'Y 1 




1% = A:" 4 


3 H, JoA H v a4 + || 94pa 4 p + 3e 2 ^f^4xa 4 x 

p g 2 + ^ g^e"2 a . 


15 


77, 


6 " ” 1 


2 -a/34- y g ' 4 

Clearly, that the effective equation is not closed in four dimensions due to the presence 
of extrinsic quantities Q a g 4 , and T^ v . However both the equations (IB5al) - (IB5fD and 

the assumed continuity of helds ( g a b , p, </>, x, A a b, B a b ) lead to Israel’s like junction conditions 
32 I . These conditions gives a possibility to decrease the number of extrinsic quantities. 
The mentioned junction conditions can be expressed as follows 


{9ab} = 0; {p} = 0; {</>} = 0; { X } = 0; {B ab } = 0; {A ab } = 0, 
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i K Hvw)} = k 2 ( S ^ - \ > 


(2.8a) 


7 2 

{040} + {d 4 p} = —-7= ( 0+ 2 

2y 3 


OLflV ) 


(2.8b) 


{040} + l {d.p} = 


(2.8c) 


{a ' x} = 271 e ~" (30+fp)rAiiy ^’ 


(2.8d) 


{iV} - x{#4^} = 273 7 e"* 7 +* p ) 


$7 0 ( ^ + - p ) +2 cr^ 


(2.8e) 


x{U,4 - (e- 2 *-5 ' + X 2 ) {^} = v 2 ! fc 2 e-i (* + 5 ') [x 


CT, 


/il/ 


+ #7 7x + tt x7d + q x7p 


(2.8f) 


2 ,r 8 

where {V} = lim, ; ^ +0 V — lim y _ > _ 0 V = V + — V - denotes the discontinuity between two sides 
of the brane. The ^-symmetry (EH) implies that we can once again drop the + sign and 
evaluate quantities on the brane by taking only the limit y —> +0. The junction conditions 
EH become 

K-i(pv) = (Spu — g QpuSx \ , (2.9a) 


9aP= 


(2.9b) 


i 2 

drf = 1273 e ^^ +!p)r/ "^’ 


(2.9c) 


3aX = 47! e ~" ^ +ip)ea ^ H ^ 


(2.9d) 


H 4/j , = ^- 7 7 ( 3 ^ + t p ) (3 X <J,u ~ V n 7) , 


(2.9e) 


7- = ^ 7 7 ( 3< ^ + t p ) [0^ ( 2 e"( 2 *+i p )n 7 - X n 7 ) + a lw (Ae-( 2 ^ p ') + 3 X 2 )] , (2.9f) 
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where 


n 7 = [d^x - | xdj(f) - y xdjpj ; n 7 = a 7 ^ p 

In other words, these conditions mean that quantities (AA^), H 4fll/ , F 4fiu , d 4 p, d 4 (p, dxx) de¬ 
pend on the brane matter content. In addition, these conditions make possible to express 
@ 4 ^ and T^ v as follows 

1 


Ka[i_i,u} — ©4 nv — ^ k ( J II 7 + 2 a, 


’[IV 1 


( 2 . 10 ) 


T± = 


’ [IV 


e<t>+\p 


- 6 X e^ a a u)x n a + 9 X 2 a, x a u x ) 


y q,v {dje a ^u,u x - + 9 X 2 a a , Q &#) + ^ %* {o ia0 F ia0 


576 


-W-zp 


+ 


384 




1 


1 


- q»ve* p e 2 + - 2 a, 


( 2 . 11 ) 


where a = ak A and g = gk 2 . 

Further, we conclude that the equation (E2) contains extrinsic quantities only in C 4fl4u term. 
It is a projection of the bulk Weyl tensor, which vanishes whenever the bulk is exactly AdS 5 . 

At this stage we apply the relation im in order to consider one dynamically equivalent 
to ( 12 .5|) equation on the Riemannian space instead of EC space. 


(4) GV = (4 fc (#u ,) - - q^Q aPl Q aPl + 30^0^ 
T tw +(t 44 -] tA -a 


( 2 . 12 ) 


3 


A[lAv 


+ Ka^vK - K 4in K 4 \ -- q lw ^K 2 - K 4a0 K 4 ^ 

- ^ ©a/3 7 0 a/37 g^ + 20^0^ - i 04a/30 4Q/3 <V + 404 M7 0 4 7 


'4v 


This equation can be compared to the restricted result 


23, 


24J, where only gravity exists 


m 


the bulk. Recall that the brane energy-momentum tensor T jW is decomposed into a sum of 
r M „ and t II iV parts given by (031) . where describes interactions with bulk fields localized 
on the brane. Taking account of (12.91) . ( 11 . 121 ) . ( 12 . 101 ) . and ( 12 .7j) the equation ( 12 . 121 ) becomes 


[A) G^= -A q„v + 8t tG n + T%, + k A ( 7 i> + fy„ ) - E 9 UV , 


' 




(2.13) 
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where A 
G n 


-k 2 (a+-\ k 2 

2 V 6 

Ah 4 


487T ’ 
1 


^ [IV - 


* rvft 1 * * 1 * * ft \ 1 * * 

4 r^Tup q ap + — rr F +- q^ r ai T px q^q 1 - — q^ tt, 


E 9 

[IV 


= c 


4/i4i/ •> 


and T% = T£ + i e*+5 ^ »* +i "F^F^ + ^ V, 

= T„i + k^rLfia + 49 ( >„ )a : n 7 + 4«t„<7„ 


1 
4 


q^v 

^g \^a/3 U 11 7 1 4-A ~r *4:14Q,^ 

4 T V hq + ( r V T + V, r) + ^ q, w r af3 r a ? - - 


12 


q^v r T 


1_ A 1 _ 1_ a3 1 ~2 

■4 W»/ + ^ rr ^ + g ^T a ^T p - — q„ v r . 


The main difference of (EH from Einstein gravity resides in the presence of terms 71 ^, T^ v , 
T^ ul and E 9 W which can not be obtained by a Lagrangian description, ft is seen that in the 

* I 

limit whenever A is of high energy scale the terms and T^ v can safely be neglected. 

Now let us examine the behaviour of the brane energy-momentum tensor [see (IB 5 all ]. 
Consider the Codacci like equation (IA17H in a space with nontrivial torsion 


~bcd n a n b n c e J. 


Rab n a e * = ^\K - ( 4 V a K a \ - 2Q Xfn K; /X + R a 
Using (l2~4bl) . ESI) decompose Em and G(ab) as follows 

Rab n a ej = ( 4 V m K - (4 V a K a \ + (4 V a 0 a 4m - ej V c 0 c 4fe - 0^0 4 a/3 
= (4) %iC- (4) V A ^ 4 A u , 


(2.14) 


G(ab)n a e ® = (^Gafe -30 acd 0 fe ca! J n a e^ =i? a & n a ej) - 3 Q acd Q b cd n a e b 
These equations together with (11.121) . (IBSail , and (12.91) lead to the relation 


(4) V a S\ = -2 kr 2 (P ab + - A e*+l»F acd F h - | rre 


cd \ 


= A(<t>+lr) 


1 


73 

4 


|_12\/3 ^ (i P ” 0 ) “ ^ 

- «„;n 7 ) Hf - 7 (+ 2 *°e) Fp 


= ./„ 


(2.15) 
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This relation indicates that the brane energy-momentum tensor S IJiV is non-conserved. The 
non-conservation reflects an exchange of energy-momentum between the brane and bulk 


fields localized on the brane (see 27] for related work). If one imposes J M = 0; then there is 
no such exchange and the brane vacuum state remains stable. However the effective brane 
energy-momentum tensor given by the right part of (ITT3D is conserved and the effective 
vacuum remains stable. Let us remark that throughout the literature, the true brane energy- 
momentum tensor in presence of bulk fields is understood ambiguously. 

By the same arguments, the equations (IB5bD - (1117(1) must also be taken at the limiting 
values of y. In this case, the situation is simpler. Taking into account EH one see that 


(5) Vc ( 5) V c ^ = (T Va (4) V A f-Kd^ + dM, 
(5)V C = ( 4 >V a F X>1U — KF 4flu + 


then using (12.91) . QB5gD and (lB6l) equations (IB5bl) 


S3) become 


(4) Va (4) V a (p + <t>)-e(e 2 %x&x t — r af)l 




+ J F " 


F a Pi I 


j + p g 2 - ^ e 2 p a+(E (j> + E p ) 


= k 4 


16y/3 


(0 a ^H a ^) 2 + ^ + 46 af3 %, a a0 + 4 cr a0 <j a ^ 


e l (7+1 p) _ 

+ - S x 9 a ' w F, 


24^ 


OLflV 


(2.16a) 


(4) V 7 (4) V 7 


U + | p) - e 1 ' (e^xff'X + ^ 


+ — 


J 12 


E 6 + 4-E 0 ) =k 4 


7 e 20+! p a a0 - 9 a ^ x n 7 n A - 9 x 2 v«y<? a0 ) 


' a/3 

pi (7+1 p) _ Q / ^ ^ ^ 

+ ^ ^a A 0 a ^F (HW + - (ej9^ x n 7 n A + 40^ 7 n 7 a a0 + 4 a a0 a^ 


48^ 


+ ^4 ( 9 a ^H apu ) 2 


16V3 


(2.16b) 


(4) v 7 (4) v 7 X + 2 a 7 U + ^ d lX + e ~Y F a01 H a ^ + E x 

~ e -|( 3 7+|p) 

9 x ^H Xpu 9^F ia0 - 


= k 4 


32x/3 


24\/3 


a.[iv 


+ 7 \Kb^ X n 7 n A - 3 X 9 a0 m,a a0 + 20 ^ 7 n 7 a a0 - 6 X a a0 a a/3 


(2.16c) 
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(4) V 7 F^ v + <9 7 ( 0+ - p ) + F£" = k 


V3 i 
4 


e M*-}^«0(3 X ^-0,j n7 )p 


(r^fL, + 2 ct*“') ( ^ e -i (■>+! p)gA + n*--’F n , h 


* 

{4) v 7 


v 7 (e~‘ t> H^ u - X e n ~± p F^ + e^F# 7 - X e p E'f 

= fc 4 e M^+I p) 


(2.16d) 


(2.16e) 


^ ( V3 ^ ^ e5 M p )e a ^F a ^) (9^ n 7 - 3*0 


Q e“5 ( 3 7+! p)e a ^H adl - | e* (^+t p ) 9 a ^F aPl + sA (V^ + 2a^) 
(2e-( 20+ ^)n 7 - x n 7 ) + a Q/3 (V( 2< ^) + 3y 2 


+ — g r] ppaf} 
4 


where = d 4 d 4 <j>, E p = d 4 d 4 p, E x = <9 4 <9 4 x, F" 


d 4 F. 


4/W) 


EL = d 4 F 4 ^, 


/XU 


and Tjafi'yx is the brane volume form [see (IB6I) ] . The equations (12.131b (|2.1fiaj) - (12. Kiel) , and 
(IB 5 lit) are the effective equations on the brane. 

For the same reason, we can apply the relation (tHH in order to consider these equations 
on the Riemannian space instead of EC space. This gives a set of dynamically equivalent 
equations of motion. At the same time notice that (12.131) . (!2.16aD - (12. 16cD have completely 
described in Riemannian terms. The equation (IB5hl) can readily be expressed as follows 


dL 

dip A 



dL 

d^x^A 



(^ p ) (d [a A 


/3\\ - 


X d[ a B(3 A] ) Ll a b 


«p dL 
d^Vxi’B ' 


(2.17) 


III. CONCLUSIONS 


In this paper we have derived effective held equations on the 3-brane motivated by the 
massless bosonic sector of the type IIB string. This setup supposes that fields of this sector 
can penetrate in the extra dimension. The brane worlds motivated by string/M-theory 
have become an widely investigated topic in the literature. However in our case, we have 
introduced the Einstcin-Cartan space in order to induce interactions between the brane and 
bulk fields. By the developed embedding procedure these interactions are understood in a 
purely geometric way as the induced brane contortion. Hence this approach allows us to 
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avoid additional suppositions about the form of interactions. Finally, we have presented the 
dynamically equivalent effective equations expressed completely in Riemannian terms. 

It has been expected that the effective theory is not closed in 4-dimensions. The consid¬ 
ered approach does not give a possibility to establish effective equations in terms of quantities 
defined on the brane only. In order to obtain one complete set we should derive the equations 
of motion for extrinsic quantities {E^, E p , E x , E^ v) E^ u , E^ u } in addition to (12.131) . (I2.16aj) - 
(I2.16cl) . and (12.171) . However the established effective equations (as well as the bulk equa¬ 
tions) appears very complex to be solved. Hence it seems reasonable to impose some special 
symmetries on the bulk fields. The imposed symmetries can eliminate extrinsic quantities 


or make them negligible. On the other hand, in the papers |23|], where only gravity exists 
in the bulk the evolution of extrinsic quantities it was found and it was shown that these 
contributions are subtle. This result makes us to believe that one similar conclusion can hold 
in our case. The situation with the non-conservation of the brane energy-momentum tensor 
S pi/ is also curious. We noticed that the effective brane energy-momentum tensor given by 
the right part of conserves and the effective vacuum remains stable. Nevertheless if 

S pi/ is understood as the true brane energy-momentum tensor; then additional suppositions 


about the asymptotical structure of brane are necessary (see |23|, |27|, |28| for related work). 
The examination of all these problems we leave for a forthcoming paper. 

We stress that in the framework of brane worlds exist articles, where the authors have 
also focused on the massless bosonic sector of the type IIB theory. We only mention the 


paper 


B 


where the brane matter sector consists of a Born-Infeld action constructed from 
the induced metric and projected antisymmetric bulk fields. One motivation to consider 
such action is the magnetogenesis in early universe. Let us also remark articles, where the 
scenario assumes the torsion. First notice the papers j^, where the torsion has given by the 
Kalb-Ramond held that coexists with gravity in a 6-dimensional bulk. The 4-dimensional 
effective theory is constructed. However this approach is based on the Kaluza-Klein like 
reduction instead of the covariant embedding formalism. Apparently, the Gauss and Codacci 
like formulas obtained in our paper can easily be adapted for the 6-dimensional case, and 


some new ideas can be suggested. Finally notice the papers 26], where the presence of bulk 
fermions induces the torsion. The authors have shown that the induced contact interaction 
on the brane is suppressed only by the square of the fundamental scale, which could be of 
the observed order. The authors as well do not apply the embedding formalism. 
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Anyway the arguments in this paper extend the results in the literature on the brane 
worlds motivated by the string/M-theory. 
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APPENDIX A: EMBEDDING OF A BRANE 


The geometry of embedded branes has been widely investigated in the literature. In this 
appendix we construct the embedding formalism for spaces with nontrivial torsion (see [3] 
for related work). Let x a (z,y ) be the coordinates of the bulk, the coordinates of the 
brane, and y l the coordinates of a space normal to the brane 6 . First we define the metric 
on the brane (E) 

Qyv 9ab (Al) 

where e“ = = d^x a is a frame associated with the intrinsic coordinates. Properties of a 

non-intrinsic character encode the unit vectors ^ = d,x a normal to the brane such 

that g a bn1e b = 0. Now we define the metric of space normal to the brane (_L) 


Qij 9ab <T; Tlj ■ 


and 


hab hj, h c H c , h a b g a b ^ak^b' 


(A2) 


The decomposition of a bulk vector is as follows 

V“ = nln$V b + e‘ e y = VJ + = nlv k + (A3) 

then eV b = 51 - nlnl = h\, where < = r/.,,, (() n' a = n) </'\ 


These considerations mean that h a b is the induced metric on the brane |3lJ. Let us perform 
the parallel transport of tangent vector to the brane world volume I/ E by means z 7 —> z 1J rdz 7 
taking into account the bulk connection T a bc 


Vf £(* 7 + dz = KV) + r c ab v?(z^dx b = K s (* 7 ) + e^r^vfiz^dz* 


(A4) 


6 Where the Latin indices a, b = 0,..., P— 1; i, j = P^,..., P—1; and the Greek indices y, v = 0,..., P^ — 1. 
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In the basis (n“; e“) the brane projection of (IA4D at 0(dz 2 ) becomes 


left part : v^z 1 + dz' y )e^(z 1 + cb 7 ) ~ U|| M (z 7 + dz 1 )e^(z 1 ) + v il (z 1 )d 1 e^{z 1 )dz 1 , 
right part : u M (z 7 )<(* 7 ) + e^(z 7 )e^(z 7 )r c ab ^(z 7 )^ A ; 

finally : + e£e£e*T c ab v„dz y - e^v^e^dz 1 . (A5) 


At the same time (IA5I) defines the parallel transport rule of brane world volume vector v M 
with respect to the brane connection ^ E t" A Ml , in the form 


v\\„ = <V + (ejejejl*,* - eja„e A ) v b dz" =v„+ ( ^\„v x dz", (A6) 

with I e »T\„ = ejej^ - e“S„e c A = e A (ejejr^ + &ej) = 


where = e“ 77 is the covariant derivative along the brane world volume direction. The 
orthogonal projection of (1A4D defines the brane second fundamental form as follows 


- K iflu v ll dz u 




n\ “(z 7 + cb 7 )kf (z 7 + dz 0 

e c ^)v^)d v n\{z^)dz v + K(z^)T c ab e c ^)v^)el(z^dz 
Qcdei (d u n? + T c ab n°;e b u ) v^dz v = K v^dz" 

~n ( l (d, y e cll - T a cb e ail e b u ) v^dz u = -g cd :n^V v v^dz u . 


V 


(A7a) 

(A7b) 


As above, let us perform the parallel transport of normal vector to the brane world volume 
V^~ taking into account the bulk connection Y a bc 

^(* 7 + dz 7 ) = V- L (* 7 ) + T c ab Vj~(z' y )dx b = F E (z 7 ) + e b x ^)T\ b V c \z^)dz x . (AS) 

The reader will have no difficulty in showing that the projections of (1A8I) in the basis (n“; e“) 
defines the brane connection ( e ^A a = g c d.n d Q k3 ^x n i an d th e second fundamental form K i(lv 
exactly as (1A7[) . Notice that ^ E T A /W , ( E Tk A , and K l being the projections of V^e^, 77 n“ 
can be related via Gauss-Weingarten like equations as follows 





gcd9 da X el = g cd (e dA e“ + n di n ») V, 
gcdg da Kn C i = g cd (e dA e A + 


(S)pA a | 7>-i a. 

1 ^ - n - iiv n i > 

PtJ a _ 7^ A a 

1 ii/'b v e A- 


(A9a) 

(A9b) 


Motivated by the ideology of this paper we consider only the totally antisymmetric part 
of the contortion understood as result of a covariant splitting into irreducible parts dump ; 
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then T abc =r abc +0 a 6c such that Q a bc = ©[aftc]- Our next step is to decompose the brane 
connection and the second fundamental form into Riemannian and non-Riemannian parts: 


(A10) 

(Alla) 

(Allb) 

(A 12) 


The reader will easily prove that e “( s )r A = e “( s )r-* and similarly n “ — n°j K^ v \ then 

acting via symmetrization/antisymmetrization on (IA12J) it can easily be checked that 


V„e“ =V„ e“ + ©VX =V„ e“ + 0%; 
then the brane and the orthogonal projection of (lA9al) becomes 

e^7„el = < E ty = el V„ ej + ejey = (E) fy + 0y, 

= Ay = v„ 4 + <ey = xy + ey. 

Further, taking account of (IA11I) and (1A10D one can express (IA9al) in the form 

i ej + ey = (Ary + eyj < + (Ay + ey i»j. 


V = (S) T 7 p a 4- n a - 0 a = 0 7 e a 4- 0 J 

c //. - 1 - /it/ C 7 T uv ^ uv w w uv ,L l' 




(A 13) 


Considering the dehnition of bulk covariant derivative along the brane world volume direction 
one is able to define the brane covariant derivative as follows 

{S V,= dvVp - (S) rV’A = d u (e;v a ) - e x e a x V a V„ e“ = e“V,K + v i I< i lll/ , (Al4a) 
{S V y Ui = cU - = <9„«K) - (Al4b) 

Further, considering the brane covariant derivative we can relate the bulk curvature tensor 
with the brane one. First notice a dehnition 

Vv 6 ] V e = d [a v b] v c - v\ ba] v d v c - T d c[ y b] v d = ( d [b r d lcla] + r d e[b r e |c|a] ) - o d ba v d v c 

(Al5a) 
(Al5b) 


= 2 R cbaVd, ~ 0 bc Sd V c , and 

y,v t iiA = l -Rij/ d - eyvw e . 


This dehnition gives a possibility to derive the following properties of the curvature' 

Rabcd Rbacd Rabdci 

Rf abc + Rfbca + Rfcab = ~6 (V[ a ©be]/ + 20 d [ ab ©c]d/) ■ 


These properties can be checked by the decomposition: R a bcd =Rabcd +Rabcd- 
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Now evaluate the commutator e a%.^v] e % 


e :\^ u] e a c 


e l\i V„] e“ 


+ Wi-K) = VWm + H*] - 


5 


a/xu 


K K {1 + K /T 7 ) ■ 

± *-iov J *- ^ i 1 *-i<y.ii ±Y i/) j 


e2 (e^e^ c V d] e“ + Q d Ufl Y d e a a ) = - elR a bcd e b Q e c ^e d . 


Therefore the Gauss like equation can be expressed as follows 


p“ pi p h P c P d — ( s )c>7 _ j{. rsn i x h Hl 

11 bcd^a^a^ii^u 11 afiu 1 '-iav- Ly ^ u - 


(A16) 


Finally, evaluate the commutator n J a V[ bl 'V u ] e“ 

*V,li = <ef„V„(‘ E ry Me 5 + A- i |t , M <) = i (^\K\ l ,-^K^-2e\ l ,K\ x )- 

= ni(e^V [c Vj l eJ + e‘'„„V d e“) = i n iii“ M e‘e'eJ. 


Therefore the Codacci like equation can be expressed as follows 

A A) _c _c£ 




(E V A"* 


2 


(Air) 


APPENDIX B: FIELD EQUATIONS IN THE BULK 


The variational formalism of relativistic conservative medium with interna 
freedom in the framework of EC space has been investigated in the literature 
The dynamics of compactihed type IIB theory gives equations of motion listed in the 
Appendix O [see (1(131) ]. We modify these equations in order to include the brane world 
contribution. Consider these modifications at the level of action as follows 



5 = 


2 k 2 


d 5 x^/\g\ 


Stotal — S + S c + S br + S cbr ; 

R ~ \ + £ d o.pd a p + ^ d a (j)d a p + e 20+ t p d a xd a x 


(Bla) 


4 e~*H abc H abc - ^ Y abcde Y abcde + eA p a 

i Z 4oU 


S r = 


d?xy/\g\ (-A), S cbr = J d 4 x^f\q\(-\), S br = I d 4 xy/\q\ 

where { \Aa = d^A ~ [ A a 0 ^ A \^] if a |/ = SI b a |/. (Bib) 


The term Q B A \ p is the generator of coordinate transformations and its explicit form depends 
on the order of the field ijj A . By construction, we suppose g a b'n a n b = 1, x 4 = y, and e“ = 
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then the formalism constructed in the Appendix^lcan straightforwardly be applied. Further, 
we introduce a notation by taking the following variation 


5 j d 5 xy/\i\^R = 5 J d 5 x\^\g\ —0 s 

= J d 5 x^Yg j ((L g ab ® 2 ~ SQ acd ® b cd ^ Sg ab (B2) 

= J d 5 x\/\g\G( ab )6g ab , where 

G ab = R ab ~l g ab {5) R ~ 2® acd ® b cd ] ® abc W <>) ( d [a A bc] - x d [a B hc] ) . 

The non-zero variations of (S c + S cbr ) gives the following expressions 

= -sj d 5 x^/\g\ A = \j d 5 x^\g\ gab A 6g ab , (B3a) 

SS cbr = -5 j d b xV\q\ A 6{y) = \\ d 5 xV\q\ A q, w Sffi 6g ab 5(y). (B3b) 


Variations of S br with respect to {g ab , p, 0, X , A ab , B ab , i/ja} gives respectively 
5S br = [ d 4 xy/\q\ 


1 ®{VW\ L ) * dL , i /3w« 

5 da0 - amr7 war ^ 


y/\q\ ^QoiP 




(B4a) 


\ [ d’ > x^\r a i ) S:SSS(y)Sg“ b = A /b 5 Vki (r„„ + T a g) S^ b S(y)Sg' J ’, 


ss hr = 


32v/3 


dShr = 


8V3 


d 5 x\/Jq\ eh VV F afJjl/ 5(y) 5p, 


d b x^W\ e 5 VH p )eP™ F aiw 6(y) S(/>, 


(B4b) 

(B4c) 


SS hr = 


iVs 


dV^Wl W p )d a ^ H aflv 5(y) 8 X , 


(B4d) 


5Sbr = -^J= [ d A xx/\q7\ e5 W p )e apu 8F C 

Vs 


afiu 


d b xV\q\e^V + ip) 


a pu + - d a > w d a 


+ 4 P 


(B4e) 


8;St5(y)5A ab , 


8S br = 


4y/S 

Vs 


d 4 xV\q\^^ + ~ iP ">xO apu 5H, 


OL[LV 


(B4f) 


d^xVVl 


X (jV,i + 0 aUP I^X+n XW + o xdap 


5 a X5(y)5B abl 
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(B4g) 


where <v = (4) V a 6 a , 6» Q(3A = ^ a/3A] , Cf A = 2 


aL 


awp 


/3\ 


BT 

= - ! Wr* fln 


B | p 
A\a J 


and {r^, r^} tensors have generated by {L, L} parts of the brane Lagrangian [see (11.131) ]. 
Due to modifications given by (IBlal) the equations of motion (K '31) become 


G(ab) = k T ab ; T ab = -g ab A + S tw 8 p 8 b 8(y) + k P ab , where 


(B5a) 


13 3 p 2< /’+|p 

Pab = - d a 4)d b (t> + - d {a (j)d b) p + — d a pd b p H-— 


d a xd b X + -r H o, d H h cd 


A p 


+ ^ Y^,Y b •*“ ~~ 9tbb F d c m + 5 d^t&p + h g cP (f p 

g 2^+1 P g — p 

+ — 2 — ^X<9 C X + — hf 2 - e "2 a ] ; 5^ = (-g^A + r /t „), 


* * 


* * 


(5) V c (5) V c p + (5) V c (5) V c 0 - e* p ( e 24> d aX d a x + — F 2 + — F 2 ) - - e“* p a 

6 120 / 5 




2^ 


(B5b) 


e -^H 2 - e 2 ^ p d aX d a X ~ F 2 + (5) V a (5) V a 0 + | (5) V a (5) V° p 

1Z JLz O 

k 2 


4v/3 




(B5c) 


(5) V a (e 2 ^d aX ) + 


g0+| p 


I7i rrabc _ 

Bnhr-n — 


k 2 

2V3 


e h ^+zp)e a ^ HafMV 8( y ), (B5d) 


24 (5) V c ^ApF cab ^j+e^ p Y abcde H cde + 3 (5) V C (e* p Y cdeab B d ^j 


= 12\/3 k 2 eh p ) 


0 + - p + 2a pi/ 




(B5e) 


24 (5) V c (e^H^ - e <Hf p x F cab ) -3 (5) V C ^ e ! - e^ p Y abcde F cde 

= 24\/3 k 2 eh ( 0+ 3 p ) 


^ ( daX + 7 } X d Q (f) + x 5 a p ) + x (F p 8(y ), (B5f) 
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V 


abode 


= -gr] abcde e 4 p ; Y abcde = -g rj abcde e 4 p , 


(B5g) 


8L _ (4 V> „„j L =0 . 


d^A 


d^v x 1p A 


(B5h) 


The relations ( B5g ) are the consequences of self-duality conditions, the ansatz (mu), and the 
equation of motion ( C3g ). Hence throughout the paper we consider ( B5g ) instead of ( C3g ). 
On the other hand, on the brane survive only Y a0lX 4 components. It can be checked that 


ya/3 7 A4 = _^afhtX y01234 = _ Q ^afoX g-| 


Y n 


1 


Va/3'Y\ ^01234 ~ Vafi^X e 4 P , 


^ A4 VW\ 

and Y a0lX4 Y al3lXl = -4! g 2 , where rj a07X = Vabcdeele b 0 e^e x n e (B 6 ) 


is the brane volume form and g is the Freund-Rubin parameter. 


APPENDIX C: EQUATIONS OF MOTION FOR THE TYPE IIB STRING 


We have noticed that the massless bosonic sector of the type IIB string can not be 
described by a covariant action |nj however the covariant equations of motion exists. The 
10 -dimensional equations considered in this paper are as follows 


* ^ * 

0 = Rab +- V(aVs) 


e ^ -- — CD 1 - - - - 5 


BacdBb 


d A $d B ® - - d { A®d B )$ 


e $+! $ 


"ACD^B 


F b cd - Y 


g 2$+| $ 




d A ^d B ^ 


96 


ACDEF 1 B 


25 


yCDEF _ 1 q ar I R + 5 ^ ;V C $ _ £_ H 2 


g 2$+| <S> 


dE>_|_5 <*> 

e 4 ^ 


dr$d c <I> - - - d r ^d c ^ - --- - F 2 


16 


12 


(Cla) 


* _<£ 


~ p * 1 95 ~ ~ 1 * * £) * * ~ 

0 =R - H 2 - d A $d A $ - d A $d A $ - - V A V a 4> + - Va V A 4>, (Clb) 

12 2 16 2 2 




0 = —H 2 -- d A $d A <£> - — d A $d A <I> - e 2 * + * ^d A ^d A ^ 
12 4 32 


e 72 , n nA ' 0 


12 


F 2 + V A V a 4> + - Va V - 4 4>, (Clc) 


* e ~$ 


o =^4 V A T + 2d A ^d A $ + — F abc H abc , 

6 


(Cld) 
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0 = 24 e* d c § F cab + V c F cas + F 


Hqde + 3 Vc y 


rCDEABg 


DE 


(Cle) 


0 = 24e“**~* 


5 

4 


<9 C [ $ + T $ ) V G F GAB 


+ 3 Vc F 


rDECAB^ 


24 e q 


V c ( ^F GAB J + 'hF^dc'h 


CAB < 


i ABODE rp 
+ J ECDE, 


DE 


(Clf) 


0 =Vg Y 


EABCD 


(Clg) 


and the imposed self-duality condition 


YaBCDE — *YaBCDE — , ^lJ 1 J 2 J 3 J 4 ,J 5 ABCDEY JlJ2J3J ' iJ5 ■ 


(Clh) 


We observe that these equations can be derived from the following action 


S R = 




2^io 


d 10 XyJ\G\e~** 




R 


25 


V H 2 - - d A $d A $ - - d A 4><9 A 4> + — d A 4>d A 4> 

lz z o lo 


e 2$+f $ 


$+5 $ 


d.^d A ^ - —— F 2 — y-2 


e4 


I ■*> 


12 


480 


(C2) 


Habc — 3 0[aBbc], Fabc — ^[aAbc]-, Fabc — Fabc — 'h Habc ; 
Yabcde = 59[aWbcde], Yabcde = Yabcde — §A[abF[cde) + 5 B^abFcde]) 


except for vanishing of the term F 2 in (fHTall and the self-duality condition (IClhlb 

Applying the method 7] based on the ansatz (USD one yields 5-dimensional equations of 
motion in the form 
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(C3a) 


0 = ( 5) V c (5) V c p+ (5) V c (5) V c (j)-e* p (e 2<t} d a xd a x+ — F 2 + — F 2 ^ - - e~* p (±) F. (C3b) 

\ 6 120 ) 5 


24 























0 = e -H 2 - e 2 * + -^d aX d a x - ^- F 2 + (5) VZ 5 )V“ 0 + § (5) V a {5) V a p, 

JLz iz O 


(C3c) 


0 = (5) V a (5) V“ x + 2 d aX d a <j) + - d aX d a p + — F abc H abc , 
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(C3d) 


0 = 24 


d c [(j)+-p) F cab + ( 5 ) V C F ca6 
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+ 3 (5) V c (Y cdeab B de 


+ Y abcde H cde + — d c p Y cdeab B de , 


(C3e) 


0 = 24 
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V c ( X F cab ) + X F cat, d c ( 0 + 7 p 


cab * 
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+ 24 e"4 
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- ( 5 ) V C ih ca6 


(C3f) 


0 = ( 5 ) V e Y eohcd + - d e p Y eabcd , 
where = const, is the scalar curvature of S 5 . 

We observe that these equations can be derived from the following action 

So = f d5x VW\ R (da0d a (p + ^ d a pd a p + j d a (f)d a p + e 20+ * p d aX d a X 


(C3g) 
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12 


P F 2 + e - *# 2 ) - ^ F 2 + e“* p {±) R 


(C4) 


P'abc 3d[ a Abc]i H abc 3 d[ a B bc ^ F abc F a bc \H abc ^ 

Fabcde ^^[a^Fbcde] ? ^abode ^ e ] ? 

except for vanishing of the term Y 2 in (|C3a|) , for the wrong coefficient of Y 2 in (jC3b|) , and 
for consequences of the self-duality condition given by dii- 
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